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Challenge 1: High dimensionality
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High dimensional features are everywhere:

e Finetuning a classification layer in deep learning
e Linear probing, interpretability of LLMs

e Single-cell omics
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Challenge 1: High dimensionality

‘ Low dimensions ‘ High dimensions
imati B B\ B B
Parameter estimation <HEH’ “ﬁ”> ~1 <HBH’ Hﬁ\l> <1
Generalization Train error ~ Test error | Train error < Test error

Table: Qualitative comparison for linear classification, 3 is the slope parameter vector.

The advances of high-dimensional statistics in the past 15 years.

e El Karoui el al. (2013), Donoho and Montanari (2016), Sur and Candés (2019)
e Double descent and benign overfitting: Belkin et al. (2019), Bartlett el al. (2020)

e Many more ...

Q: New angles for the (overfitting) effects of dimensionality?
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Challenge 2: Data imbalance

Real-world datasets are generally imbalanced.

e Sentiment analysis.

Dataset Tweets #Negative #Positive
Stanford Twitter Test Set (STS-Test) [9] 359 177 182
Sanders Dataset (Sanders) [17] 1224 654 570
Obama McCain Debate (OMD) [7] 1906 1196 710
Health Care Reform (HCR) [22] 1922 1381 541
Stanford Gold Standard (STS-Gold) [17] 2034 632 1402

Sentiment Strength Twitter Dataset (SSTD) [23] 2289 1037 1252
The Dialogue Earth Weather Dataset (WAB) [3] 5495 2580 2915
The Dialogue Earth Gas Prices Dataset (GASP) [3] 6285 5235 1050
Semeval Dataset (Semeval) [14] 7535 2186 5349

Figure: Twitter datasets used for sentiment analysis [Saif et al. 2015]

e Industrial fault detection (failures < normal operations)

e Healthcare and medical diagnosis (rare disease/genetic markers, privacy issue)
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Challenge 2: Data imbalance

e Minority classes have worse training and testing errors.
e The classical asymptotic theory or finite-sample analysis is inaccurate in high dimensions.
e The practice is heuristic-driven and ad hoc.

— Re-sampling: oversampling the minority or under-sampling the majority

— Re-weighting: assigning higher weights for minority classes

— Synthetic data: SMOTE (2002), Mixup (2018)

— Margin adjustment: popular in deep learning.

Q: How to quantify the impact of factors
(imbalance ratio, SNR, dimension) on accuracy?

Cao et al. 2019
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Goals of this talk

Goal 1. Provide a new angle of characterizing overfitting for imbalanced classification.

Low dimensions High dimensions
imati B B\ B B
Parameter estimation <H5II’ H5H> ~1 <HBH’ Hﬁll> <1
Generalization Train error ~ Test error Train error < Test error
Distribution of logits 1D projection of Py Skewed /distorted 1D projection of P,

Goal 2. Quantify the adverse effects of overfitting, esp. for the minority class.

’ dimensions v.s. sample size

t?

—

test accuracy

’ degree of imbalance

signal strength

uncertainty quantification
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Binary classification

e Training data (x1,y1), .-, (Tn,Yn) e Py .y

— &x; € Rd, Yi € {-i—l, —1}
e Imbalance ratio: denote 7 = P(y; = +1).

— The classification is imbalanced if 7 < 1/2.

_ ) 41 with prob 7w (minority)
v —1 with prob 1 — 7 (majority)

e Build a classifier based on f: R — R.

For a point x, the predicted label is
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Two linear classifiers

e We focus on two linear classifiers.

1 n
logistic regression inimi — £(y; ({4, ,
(logistic regression)  minimize n; (yil(zi, B) + Bo))

(SVM)  maximize &,
BER?, Bo,rER

subject to  y;((x,8) + Bo) > K, V1<i<n,
1Blly < 1.

e Connection (inductive bias): when training data is linear separable,

SVM = Max-margin classifier = Ridgeless logistic regression
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Logits and empirical logit distribution

-~

For any classifier y(x) = 21{f(x) > 0} — 1 (e.g., SVM, neural network, language model)

~

e Logit for point z: f(x)
[ ) Margin: En = minlgign ylf(:E?)

— When R,, > 0, the training set is linearly separable.

Definition (Empirical logit distribution, or ELD)

~

For any binary classifier y(x) built on f(x), the empirical logit distribution is defined as

__1¢
Vn =" Z 6(yif(wi)) (2)
i=1

where ¢, denotes the delta measure supported at point a.
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Empirical logit distribution v.s. testing logit distribution

Let (@test, Ytest) ~ Pr,y be a new data point.

e Overfitting can be characterized by discrepancy between

1 < ~
[ . —test
Vp = E Z 6(y1,f(a:l)) and v, = Law (ytest7 f(mtest))
i=1
empirical logit distribution testing logit distribution

(“training” logit distribution)

e Note: both 7, U are random measures.

— Since fdepends on training set {(x1,91), ..., (€n,yn)}
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Empirical phenomenon: Simulation

Settings:

1. Generate a (linearly) separable training set from a Gaussian mixture model (GMM):

+1, w.p. 7 (minority .
ylz{ ( ) wi‘yiNN(yilJHId)a 22172,...77’7/.

-1, w.p. 1—7 (majority)
2. Train a max-margin classifier (SVM): — ,@,B\O,R

maximize K,
BER, BoER,KER

subject to y;i((@i, B) + fo) = v, VI<i<mn,
1Bll2 < 1.

o~ o~ ~

3. Compare empirical / testing logit distribution for f(x) = (x, 3) + So.
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Empirical phenomenon: Simulation

Logit Distribution
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Figure: Empirical (training) and testing logit distribution for binary Gaussian mixture model
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Empirical phenomenon: tubular data

RNA-seq ifnb dataset with logistic regression (7w = 0.2)

RNAseq_ifnb, class 5 vs class 4
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Figure: Empirical (training) and testing logit distribution for single-cell dataset
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Empirical phenomenon: image data

ResNet-18 trained on CIFAR-10 (w = 0.1)

CIFAR-10, class 5 vs class 4
0.010

0.008
0.006
0.004
0.002

0.000
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Figure: Empirical (training) and testing logit distribution for CIFAR-10 dataset
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Empirical phenomenon: text data

BERT(110M) trained on IMDb movie reviews (7 = 0.02)

IMDb, positive vs negative
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Figure: Empirical (training) and testing logit distribution for IMDb dataset
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Theoretical foundation

Consider GMM with asymptotic regime n/d — ¢ € (0, c0).

. . N . B n _
e Recall Kk = min y;({x;,3) + Po). Denote p = <A, — ). (18]l = 1 when separable)
1gisn 18I Nl
e We may expect (p, BO,E) converge to some limit (p*, 85, k*) as n,d — oo.

Let (@test, Ytest) be @ new testing point, then

Ytest (<mtest7B> + B\O) = UYtest <ytestli +N(07 Id)7 B> + ytestB\O
=7 Il + (M (0,12), B) + y1cseBo
~p*|lpll+ G+ YBS, where (Y,G) ~ P, x N'(0,1).
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Theoretical foundation

For a testing point (Tiest; Ytest ),
Ytest (<$testaﬁ> + ﬁO) ~ p*HIJ’” + G =+ YBE; (/V\:LESt)
However, for a training point (x;,y;),

e There is a distortion effect on the distribution due to dependence between (z;,y;) and f

vi (@i B) +Bo) ~ max{x",p'llull + G+ Y5 }. (7.)
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Key takeaway

Overfitting = “Truncation”

Logit Distribution

0.8 1
: Minority ELD
0.7 : Majority ELD
1 = Minority TLD
0.6 - Majority TLD
: ) === Decision boundary
jmargin
0.5
0.4

1
1
|
y =5.3-1 (majority) .,l y = +1 (minority)
Y ’ * * n:l iy * Ak
f(@iest) = N(=p*l|lpll + 55, 1) S f(@est) ~ N(p*[lpll + 85, 1)
S (@urain) = midfr*, N (=p*|| ]| + 65, 1)} i Tirain) A& max{r*, N (p*|[pll + 85, 1)}
1
0.1 -
1
...... _
0 T - -2 0 2 4

2247



Theoretical foundation

Theorem (Separable regime, simplified ver.)

Consider GMM with asymptotic regime n/d — § € (0, 00).
(a) (Phase transition) There is a critical threshold 6. = 6.(||p||, ), such that
P {training set is linearly separable} — 1, if § < 0e.

(b) (Parameter convergence) If 6 < 0., then (p, EO,E) 2, (p*, B, K*), where (p*, 55, K*) is

the unique solution of the following variational optimization problem:

maximize
p€[—1,1],80€R,k>0,6€L2
subject to ol + G+ Y B+ /1 — p%€ > &, E[£2] < 1/4.

(c) (ELD convergence) If § < 6., denote v* = max{x*, p*||p|| + G + Y 35}. Then
Wa(Dn,v*) 2 0.
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Theoretical foundation: remarks

maximize K,
BER?,BoER,LER
subject to Vi<i<n y({zi;0)+ B) >k, 18]z <1 (A)
maximize K,
p€[—1,1],80€R,k>0,£€ L2
subjectto  pllu| + G+ Yoo+ VI PE> k. EE2<1/5 (B)
e In (B), it can be shown that /1 —p?¢ = (k —pllp|]| — G =Y Bo)+ (t)+ = max{0, t}.

= The random variable £ represents the overfitting effect in high dimensions.

e In (B), 55 < 0. The mean of minority testing logits is closer to margin than majority.
= Overfitting hurts minority class more than majority.
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Theoretical foundations: non-separable regime

Logistic regression: we obtained similar variational formulation in the limit.
minimize E (¢ R+ RG+Y Sy + R\/1— p? ,
o pnimize B¢l o+ Rv/T= 07

su bject to E [52] < 1/(5 proxy(z) = argmin {{(t) + 5 (t — 2)?}

teR

Proximal operator instead of truncation characterizes overfitting effects.

A=1 A=5 A =100 A = 10,000
20
10 "//
7
~
L
-
. 0 L
,
7 //
~10
-10 0 10 20 10 0 10 20 -10 0 10 20 -10 0 10 20
xT x €T xr

Figure: Plots of proximal operator = — prox,,(z) where X represents the strength of overfitting. 25 /47
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Rebalancing margin

Rebalancing margin is crucial in separable regime.
Consider margin-rebalanced SVM:
maximize K,
BERY, BoER,KER
SUbjeCt to yz(<wlaﬁ> + 50) > TR, Vi: Yi = +1

yi({xi, B) + Bo) = K, Vi:y;=-—1
182 < 1.
Margin ratio: 7 > 0.

e Note: ,@ does not depend on 7.
e Question: what is the optimal 77

Minority class
(y=+1)

Majority class
(y=-1)

Positive support
vector(s)

Negative support
vector(s)
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Classification errors

Exact testing error Asymptotic testing error

(minority error)  Erry = P(j(z) £ yly=+1) — Frrl = &(—p* |l - 57)
(majority error) Frr_ = P(§(z) £yly=—1) — B’ = (—p" ] + 65)
X (total error) Err =P(y(x) #y) — Err" =7Err} 4+ (1 —m)Err”

v (balanced error) Err, = fErry + tErr_ —  Errj = 1Er, + JErr®
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Setting 1: proportional regime

Simulations

Setup: sample size n = 100, dimension d = 200. Run SVM, report errors over 100 runs.

Minority Error Majority Error Balanced Error

0.12 _
0.08 0.06 S R
0.10 7 =0.15
i —— =020
0.08 0.06 0.05 Theory
E ) ;:‘ ﬂé x  Simulation
5 0.06 & .04 = 0.04
0.04
0.02 0.03
0.02
0.00 0.00
1 2 3 4 5 6 1 2 3 A 5 6 1 2 3 A 5 6
T T T

Figure: Effects of margin rebalancing on test errors.
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Setting 1: proportional regime
Simulations

Setup: sample size n = 100, dimension d = 200. Run SVM, report errors over 100 runs.

Majority Error Minority Error Balanced Error
1.0 J y 1.0 y 1.0
X 0~ X
=== =l ‘\‘\\ x o Simulation I (], =125
\
0.8 —— r=7% 08 AN --— Theory 08 |22 = 1.50
FRRY
Y .= 175
. . EA .
‘ 0.6 N 0.6 \ \\x 0.6
B 5 XA
= = \ S

=" =
TR
U'OU.O 0.1

IR e —— X

0.2

Figure

: Impact of imbalance on test errors.
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Setting 1: proportional regime

Theoretical foundation

Proposition (Proportional regime)

Define T°P' as the optimal margin ratio which minimizes the asymptotic balanced error

TP 1= argflnnErrb = argmin {@(=llullyp™ = B5) + @(= llly o™ + B3) }-

(a) When 7 = 7°P%, we have f; = 0 and Err’, = Err” = Erry,. In particular,

=1l p* .
w0 <2w||u25)+” el 01(t) = E[(G +1).]

TOPt — - , where

1 P > G~ N, 1), (84 =0Vt

9\ s ) e el
! (2(1—7r)||u|25 :

(b) When T = 7°P%, the testing error Erry, is a decreasing function of |||, (signal strength),
0 (aspect ratio) and 7 € (0,1/2) (imbalance ratio).

e When 7 is small, roughly speaking 7°P* =< 1/./7. oy



Setting 2: high imbalance

=0, ||p|| = o0, 6 =n/d—

e Motivation: in overparametrized model, the imbalance ratio () is vanishingly small

relative to dimension (d) and sample size (n).

Under Gaussian mixture model, consider (a,b, ¢ > 0)

r=d  pl?=xd, n=dth

e Such high imbalance dataset is always separable (with high probability).

e Feature distribution can be generalized to sub-Gaussian.
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Setting 2: high imbalance: phase transition

Theorem (High imbalance regime, sub-Gaussian mixture model)

Suppose that a — ¢ < 1 (i.e. nm — o).
(a) High signal (no need for margin rebalancing): . If1 <714 < d?, then
Err}, = o(1), Err® = o(1).

(b) Moderate signal (margin rebalancing is crucial): . If we choose

db¢ < 74 < d@=9)/2, then
Err}, = o(1), Err™ = o(1).
However, if we naively choose 74 < 1, then
Err’, =1-o0(1), Err® = o(1).

(c) Low signal (no better than random guess): . For any 14, we have

1
Erry, > = — o(1).
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—

r =log,(T

Simulation: 7 =d"

7= d=%, ||| < d¥/2, n < det! (fix b= 0.3, ¢ = 0.1, d = 2000)
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Confidence and Calibration

Confidence (predicted probability)

e Multiclass classification: softmax
e Binary classification: sigmoid transformation p(x) = 1/[1 + exp(—f(x))].

Ideally, we expect p(x) ~ P(y = 1|x). But the RHS is often intractable in high dim.

Definition (calibration)

A function p : X — [0,1] is (perfectly) calibrated if
p(z) =Py =1[p(x)) as

Intuition: Given 1,000 predictions, each with confidence of 0.2, we expect that about 200

should be classified as positive.
e Most informative example: p(z) = P(y = 1| ).

e Least informative example: p(x) =P(y =1) = 7.
36/ 47



Calibration and other uncertainty measurements

Calibration error (CE).

cB(p) = E | (P = 11p(e) - p(a))’]

e Calibration itself does not guarantee a useful predictor, e.g., p(x) = 7.

e The variance in y explained by prediction p(x) shouldn't be too small (Sharpness).

Mean squared error (MSE).
MSE(p) = E [(1{y = 1} - p(@))’]
Confidence estimation error (ConfErr).
ConfEre(p) := E | (P(y = 1]) — p(=))’] .
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Calibration: simulation

Setup: 2-GMM, n = 1,000, d = 500, = = 0.05, ||p|| = 1, train SVM with 7 = 7°P",
Reliability diagrams: For each p (z-axis), calculate P(y = 1 |p(x) = p) (y-axis) on test set.

T=0.5 m=0.25 m=0.1 7 =0.05
1.0 - 1.0 s 1.0 " 1.0 "
f f I Outputs f
0.8 0.8 0.8
.
2 0.6 0.6 0.6
g
é 0.4 0.4 0.4
Zo . .

<
o

0.2

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Confidence Confidence Confidence Confidence

Figure: Imbalance worsens calibration.
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Confidence and calibration: Theoretical foundations

Under proportional regime n,d — oo, n/d — §, we show:

Err’ ,Err®  Errf | CE* MSE® ConfErr*
imbalance ratio 7 1 + b +
signal strength ||pf|, T 1 b 1
aspect ratio n/d — § 1 i + +

Table: Monotonicity of test errors and confidence/calibration metrics

Qualitatively, the effects of imbalance is similar to

signal strength and effective sample size.
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Takeaway message

‘ increasing dimension ‘ (0=15

‘ more severe imbalance ‘ (r {)

‘ low signal strength ‘ (|l )

b

—

More severe

overfitting

test accuracy |

poor calibrated
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Generalization

e Non-isotropic covariance.

— We obtained a variational form based on formal calculation.

— Dependence on the covariance spike and direction is complicated.
e Multiclass classification.

— Truncation for 2-dim Gaussian can be observed for empirical logit distribution.
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Multiclass classification: CIFAR-10

Logit distribution of class 1

0.5
18 o
(<]
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o 17 z
= 8
- 0.2
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15 0.0

—-12,5 -100 =75 =50 =125 -10.0 —=7.5
logit for label 2 logit for label 3

Figure: Joint logit distribution
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Multiclass classification: GMM

Logit distribution of class 1

logit for label 1

—40 —20 0 —40 —20 0
logit for label 2 logit for label 3

Figure: Joint logit distribution
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